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We study the temperature dependence of the conductivity due to quantum interference processes 
for a two-dimensional disordered itinerant electron system close to a ferromagnetic quantum critical 
point. Near the quantum critical point, the cross-over between diffusive and ballistic regimes of 
quantum interference effects occurs at a temperature T* — 1/t^(Eft) 2 , where 7 is the parameter 
associated with the Landau damping of the spin fluctuations, r is the impurity scattering time, and 
Ef is the Fermi energy. For a generic choice of parameters, T* is smaller than the nominal crossover 
scale 1/t. In the ballistic quantum critical regime, the conductivity behaves as T 1 ^ 3 . 

PACS numbers: 75.45.+j, 72.15.-v, 72.15.Rn 
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The interplay between disorder, electron correlations, 
and low dimensionality is one of the most fascinating 
topics in the modern condensed matter. To date, most 
of the studies were limited to the case of "good metals" 
which, at high enough temperatures, behave as Fermi 
Liquids (FL) HSU. 

However, this interplay is ex- 
pected to become crucial in the vicinity of a quantum 
critical point (QCP) where electron correlations are par- 
ticularly strong 0, [H. Experiments on systems close 
to quantum phase transitions show striking deviations 
from the FL theory. In particular, anomalous expo- 
nents in the temperature dependence of the conductivity 
have been observed 0, 0, which suggest the presence 
of strong quantum fluctuations. Of special interest is 
the case of charge transport in the vicinity of a ferro- 
magnetic QCP. Since ferromagnetic spin fluctuations do 
not break any lattice symmetry, the contribution of in- 
elastic scattering to resistivity is zero in a clean system, 
unless Umklapp processes are allowed to relax momen- 
tum. In a dirty system, the "interaction" correction to 
the residual conductivity is expected to be particularly 
important due to a long-range interaction in the vicinity 
of the QCP. This correction is due to quantum interfer- 
ence between semi-classical electron paths scattered by 
the impurities and the self-consistent potential of Friedel 
oscillations Q ■ The goal of this paper is to examine the 
conductivity of a two-dimensional (2D) disordered metal 
close to a ferromagnetic QCP and at low enough temper- 
atures, when the lattice-mediated scattering at spin fluc- 
tuations is frozen out and the temperature dependence of 
the conductivity is mainly due to quantum interference 
effects. 

The experiments indicate that most of the three- 
dimensional compounds, such as UGe2 0] and ZrZn2 0, 
undergo a first-order zero-temperature ferromagnetic 
transition. More recently, the transition observed in 
Zri-^Nb^Z^ is found to be second order down to the 
lowest measured transition temperature 0. In two di- 



mensions, the best candidate for a ferromagnetic type of 
quantum critical behavior is the metamagnetic transition 
in Sr3Ru2 07 0,^3- This strongly anisotropic compound 
can be tuned to a quantum critical end point which is be- 
lieved to be suitable for a description within the spin fluc- 
tuation scenario 0| ■ Transport properties of disordered 
metallic systems are well understood in the case when the 
electron-electron interaction is weak enough (so that the 
system is away from any QCP and the symmetries of the 
FL state are not broken) [jj, [l2| . At low enough temper- 
ature (T), the T-dependence of the conductivity (as well 
as other transport coefficients) is mostly due to quantum 
interference [l|. The effect is more dramatic in lower di- 
mensions, where the temperature dependent corrections 
to the residual conductivity exhibit singular behavior. In 
particular, in 2D the corrections are logarithmic in the 
diffusive regime, when Tt <C 1 0, and linear in the bal- 
listic regime Tt » 1 , where r is the elastic scattering 
lifetime of the electrons. Quantum correction to conduc- 
tivity has also been studied in the context of fermion 
gauge field models [HE! ■ 

Near a QCP the interaction between electrons is 
strong, making it difficult to formulate a controlled the- 
ory. Therefore it is not surprising that there has been 
very few studies of transport properties near quantum 
criticality 0, 0, IT?! For a metamagnetic QCP in 2D 
it has been shown [17] that the conductivity in the dif- 
fusive regime behaves as In 2 T, in contrast to the usual 
logarithmic temperature dependence in a good metal jl| . 

In this Letter we study the conductivity (a) of a disor- 
dered 2D metal near a ferromagnetic QCP, assuming the 
system to be in a continuum where lattice effects are ab- 
sent. In the conventional approach to QCP the con- 
duction electrons are integrated out, and a generalized 
Landau-Ginzburg action in terms of the order parame- 
ter fields is studied. Recently, the validity of integr ating 
out low-energy electrons has been questioned 0, HJ, 
and it has been argued that such an approach gener- 
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ates singularities to all orders in the collective spin in- 
teractions. Here, we start with the phenomenological 
spin-fermion model of Ref. [2l| , which describes the low- 
energy properties of electrons close to a ferromagnetic 
instability, and add scattering of electrons due to static 
impurities. For completeness, we also take into account 
the coupling to the long-range Coulomb interaction in the 
singlet (charge) channel, so that the total correction to 
the conductivity is the sum of singlet and triplet contri- 
butions: 8<t{T) = 8a s {T) + 8a T (T). Both in the diffusive 
and ballistic regimes, 8as(T) has an insulating- like be- 
havior common to all metals which competes with 
the metallic-like behavior of 8cjt(T). Since the interac- 
tion in the triplet channel is enhanced near the QCP, 
8(Jt(T) is expected to be larger than 8a s (T)-which is 
what we find in almost all regimes of interest. On the 
other hand, we disregard the weak-localization correc- 
tion, which is not relevant for metamagnetic transitions 
and can readily be accounted for otherwise. The correc- 
tion in the triplet channel 8ar (T) is calculated within 
the spin-fermion model of Ref. [21|. The interaction in 
this model can be treated perturbatively if 7 3> a, where 
7 is the dimensionless parameter associated with Landau 
damping of the spin fluctuations, and a is the dimension- 
less coupling between the electrons and the spin fluctu- 
ations. While this relation holds, we are able to study 
the various cross-over regimes in the entire T — 8 plane 
(where 8 is the distance from the QCP) down to very 
low temperature. What is new in our study is that (1) 
we identify the regime of parameters in which controlled 
calculations are possible in the entire T — 8 plane, (2) 
we find a new power law dependence (Sa oc — T 1 / 3 ) of 
the conductivity in the ballistic quantum critical regime, 
and (3) near the QCP we find the temperature scale of 
ballistic-diffusive cross-over to be much smaller than the 
nominal scale 1/r : 



T* = l/(r(^r) 2 7 ) < l/i 



(1) 



The model. — We describe the system by the action 

+ (EqT) u-\q, n n )S(q, n n ) ■ s(- q , -o„) 

+ {aE a /v) 1/2 ( d 2 r fdr ^( r , r )^(r, r) [S(r, r) • a a p] 



(2) 



where summation over repeated indices is implied. Here 
(Va: 4>a) are Grassman fields for (low-energy) electrons 
with spin a, S(q,f2„) is a bosonic field for the collec- 
tive spin fluctuation modes, Eq has dimension of energy, 
v = raj ix is the density of states for non-interacting elec- 
trons with spin in 2D, and fi is the chemical potential. 



+ dr d 2 r^ a (r,r)V(r)^ a (r,r), 



Fields S(q,f2„) are obtained by integrating out electrons 
above a certain energy cut-off (for example below which 
the electron spectrum can be linearized). The disorder 
potential V(r) is assumed to obey Gaussian distribution 
with (V(ri)V(r 2 )) = 8(ri — r 2 )/(27r^r). In our theory 
the dimensionless coupling constant a < 1. 

In the ballistic regime the propagator for the spin fluc- 
tuations is 



£/(q,fi n ) = 8+(q/p F ) +~f\n n \/v F q 



(3) 



where 8 is related to the magnetic correlation length £ by 
8 = {pfO~ 2 - Although the dimensionless parameter 7 is 
not unrelated to the coupling a (for example, 7 should 
vanish when a is zero), the precise relation between the 
two depends on microscopic details. In the random phase 
approximation, 7 = a [2 11 . In our theory we take 7 as an 
independent phenomenological parameter. The form of 
the Landau-damping term in Eq. ® is valid for vpq ^> 0, 
where it is a universal low-energy feature of itinerant 
electrons 22] . In the opposite limit of ^> vpq, the 
Landau-damping term depends on microscopic details, 
and the spin-fermion model loses universality. We find 
that in the ballistic regime either vpq 3> ft (thus justi- 
fying the universal form of the Landau damping), or the 
contribution of the dynamic term in Eq. J2J is negligible 
to leading order. In this sense our results are universal. 
In the diffusive limit, the phenomenological form of the 
spin fluctuation propagator is given by replacing the dy- 
namic term in Eq. © by ^\il n \/ Dq 2 , where D — v 2 F r/2 
is the diffusion constant. 

Near the QCP, there are two important temperature 
scales, (i) The temperature scale T* 01 of the cross- 
over between ballistic and diffusive motion of the elec- 
trons. The cross-over occurs when the distance trav- 
elled by an electron during interaction, which by uncer- 
tainty relation is 1/q for momentum transfer q, is com- 
parable to the distance vft travelled by electrons be- 
tween successive impurity scatterings. Very close to the 
QCP (8 <C (Eft) 2 ), the momentum transfer qsi ~ 
PF^ft/Ep) 1 ^ 3 is determined by the pole of the propa- 
gator in Eq. ©. Since ft ~ T, we get the cross-over 
scale T* in Eq. In the FL-regime far away from the 
QCP (8 3> 7), q is of order of the typical momentum 
of fermionic excitations qp ~ CI/vf, and the ballistic- 
diffusive cross-over scale is 1/r. In the FL-regime close 
to the QCP {{E FT y 2 < 8 < 7), q ~ q B2 ~ ^n)/(v F 8) 
is still controlled by the pole in Eq. JSJ) , and the ballistic- 
diffusive cross-over scale is 8/(jr). (ii) Ti = ^/ 2 E F 
is the scale above which qp S> qBi, and the effect of 
the QCP on the conductivity is small. We identify two 
possible situations depending on the strength of disor- 
der relative to the Landau damping parameter, (a) 
For 7 1 / 2 > 1/(£j?t), the low-temperature cut-off of the 
regime where Sa oc — T 1 / 3 is T* and the high-T cut-off 
is Ti (see Fig. [TJ. For T < T*, we recover the result of 
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Ref. 01 with Sax oc ln 2 (T) (however, the (metallic) sign 
of our result is opposite to that in Ref. |l7|). Above T\ 
the correction in the triplet channel 8a F oc 1/T is smaller 
than the singlet-channel one and 8a ^ 8a s = e 2 Tr/ir^. 
(b) For 1/(E f t) > 7 1 / 2 , a situation which is experimen- 
tally highly improbable, the T 1 / 3 regime is lost. 

The T 1 / 3 scaling of 8a F in the ballistic quantum crit- 
ical regime in 2D can be simply understood from the 
following argument. The correction to the scattering 
rate due to electron-electron interaction can be estimated 
as A[1/t] ~ (l/r)Im£At, where ImS is determined by 
the interaction between the electrons mediated by the 
spin fluctuations, and At is the interaction time. By 
uncertainty principle, At ~ l/v F q. In the FL-regime, 
ImS oc T 2 and q oc Q ~ T, hence A[l/r] oc T. In 2D 
near the QCP, and an interaction with a dynamical ex- 
ponent z (in our case z = 3 in the ballistic regime, see 
Eq. ©), ImS oc T^ 1 - 1 /^ 23] and q oc Q}/ z oc T 1 / 2 , 
hence A[l/r] oc T^- 2 / 2 ). 

We summarize the technical details Q of the inter- 
mediate steps. First, using Kubo formalism we expand 
the current-current correlator to the lowest order in a. 
In the ballistic regime near the QCP, the vertex cor- 
rection to the spin-fermion coupling gives contribution 
which is smaller by a factor (a/7 1 / 2 )(T/Ti) 1 / 3 ln(Ti/T) 
for T <C T\, and by a factor a/7 1 / 2 for T > T x , In the 
diffusive regime the next order in coupling a is smaller 
by aln 2 {T)/(E f t). As a result, the expansion in the 
coupling constant a is controlled. The second step is to 
perform the analytic continuation. In the third step we 
average over disorder. The correction to the conductivity 
in the triplet channel can be written as Q 



Sap = —{2>iTe 2 v F Ta) 
d 2 q 



An 2 
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2T 



x Im 



(27T)* 



u A (q,n)B(q,n), 



where -B(q, is the fermionic part of the current-current 
correlator (see Eq. (3.26) in Ref. Q). In the ballistic 
regime v F q ^> and the limiting form of B is given by 
the term leading in r. This is equivalent to an expansion 
in (T/T*) 1 / 3 near the QCP, and in l/(Tr) for 5 > 7. In 
this limit B ss where Bf, is given by 

B b (d,n) = (2/(v F q) 2 )(i-m/s) 2 +(2/s 2 )(i-(in)/s), 

where S = ((vpq) 2 — SI 2 + irySgn^)) 1 / 2 . In the diffusive 
regime v F q <C 1/r, and the typical momentum is given 
by the diffusion pole. In this limit B w Bd, where 
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B d (q,{l) = {T{v F q) 2 )/{in + Dq 



Results. — The ballistic limit is defined by T > T* for 
8 < (E FT y 2 , by T > 8/jt for {Ep T y 2 < 8 < 7, and 
by T ^> 1/r for i5 3> 7. In this limit, there are three 
cross-over regimes (regions I-III in Fig. 
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Sa T oc 1/T 



To 




FIG. 1: Different cross-over regimes for the temperature de- 
pendence of the triplet channel contribution to conductivity. 

T S1 = {5 3 ' 2 h)E F , T S2 = {5 2 t/j)E 2 F! T 2 = E F S^ 2 . Notice 
that 7 1/2 > 1/(E f t). 



(1) Regime I. The limiting form of U is obtained by 
setting S = in Eq. @ , which gives the bosonic momen- 
tum scale qsi ~ pp^Q/Ep) 1 / 3 . This is the momentum 
transferred by the spin fluctuations to the electrons dur- 
ing elastic scattering. In this regime, q F \ 3> q F ~ £l/v F . 
Since, v F qBi 3> ^, the form of -Bj, simplifies to B^ w 
4/(v F q) 2 . The leading temperature dependence of the 
conductivity is given by the triplet channel contribution 



S(Tt{T) 



7T7 



2/3 



(4) 



where C = J °° di^ (t^f) ^ ~ 3 - 44 - O is the 
main result of this Letter. The high temperature cut- 
off of this regime is T\, above which fermionic momen- 
tum q F ^> qs\- At finite 8 the regime ends when 
S ~ [qbi/pf) 2 - This gives the cross-over scale T$\ = 
E F 8 3 / 2 /j. For temperature below T$i the effect of finite 
8 is important. 

(2) Regime II. Two situations can be identified in this 
regime. For i<7, the approximate form of U is given 
by dropping the (q/p F ) 2 -term in Eq. @. The dominant 
momentum scale is qB2 ~ (i^)/( v fS) ^ q F , and £>& w 
4/(v F q) 2 . For i > 7, the typical momentum scale is 
given by q F ~ il/v F . In this limit the Landau damping 
term is order 7 <C <5, and so Z7 « 1/(5. For both cases the 
triplet channel contribution is 



Sa T (T) = - (3e 2 Ta/ir8) T. 



(5) 



For i > 7, this regime is cut-off at T2 = 8 1 / 2 E F , above 
which (q/p F ) 2 term in U dominates since (q/p F ) 2 ~ 
(fi/S F ) 2 >(5. 
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(3) Regime III. This is the high temperature regime of 
the theory where the typical momentum scale is given by 
qp. For <5 <C 7, the dynamic term in the spin fluctuation 
propagator can be neglected since (q/pf) 2 ~ i^/Ep) 2 » 
7. For <5 ^ 7, the mass of the spin fluctuations can 
be neglected since (q/pr) 2 ^> 5. Thus, in this regime 
U ~ (pF/q) 2 . The leading order contributions to 5ar(T) 
cancel out, and the triplet channel gives a small contri- 
bution to the conductivity <tt oc 1/T . The interference 
correction is dominated by the contribution from the sin- 
glet channel 5a « 5a$ oc T. 

In the diffusive limit there are two cross-over regimes 
(see Fig.HJ. 

(1) Regime IV. Setting 6 = 0, in this regime 
[/- 1 (q,fi„) « ({q/PF? + {~l\tt n \)/{Dq 2 )). The leading 
temperature dependence of the conductivity comes from 
the triplet channel 

Sa T (T) = (3/8tt 2 ) (e 2 a/ 1 ) In 2 (-fDp 2 F /T) , (6) 

which is guaranteed to win over the singlet one [Sas = 
-(e 2 /2it 2 )\yl{Ef/T)] at low enough T. This regime 
has been discussed in the context of 2D metamagnctic 
QCP 0, and also in the context of fermion gauge 
field models 0, 0|. However, our result leads to a 
metallic sign of the conductivity, which was not noticed 
in prior work 17] . At finite 5 this regime exists for 
T > T S2 = (S 2 Dp 2 F )h. 

(2) Regime V. For T < Tg2, the mass of the spin 
fluctuations is important, and t/ _1 (q, il n ) w (6 + 
(l\^n\)/(Dq 2 )). The leading temperature dependence of 
the conductivity in the spin channel is 

Sa T (T) = (W/2ir 2 ) (e 2 a/ 7 ) In (E F /T) , (7) 

where B = ln(j/S) for 5 <C 7, and B = 7/(25) for 5 3> 7. 
This is the Altshuler-Aronov correction to the con- 
ductivity for the triplet channel in the diffusive regime of 
good metals. 

We now turn to the application of our theory to exper- 
imental results. In Sr3Ru2 07 the velocity vfM °f the 
spin fluctuations is presumed to be of the order of Fermi 
velocity, i.e., 7 ~ 1 It]. Since the in-plane (ab) residual 
resistivity is p ~ 2.5 nil-cm llOl . and the distance be- 
tween RuC>2 bilayers is 10 A |24j, the residual resistivity 
per square is p2d ~ 25 il. Taking Ep ~ 500 K, we get 
1/r ~ 4 K. By comparing the elastic transport rate due 
to interaction correction l/r e i oc Im£/ '(upgr) oc T 1 / 3 , 
with the inelastic transport rate due to interaction with 
the spin fluctuations l/n n oc (q/pi?) 2 lml] oc T 4 / 3 , we ex- 
pect the quantum correction to be important well below 
a temperature scale 1/(77-) ~ 4 K. Experimentally, the 
resistivity is observed to follow T r dependence down to 
4 K with r w 1.2 0. Within our theory, we understand 
the exponent r as a competition between lattice-mediated 
inelastic processes above 1/(77-) leading to T 4 / 3 behav- 
ior, and quantum interference effects dominating below 



1/(77-). We argue that the experimentally observed ex- 
ponent may be less than 4/3 due to a pre-cursor con- 
tribution of the T 1 / 3 law. Below 4 K the temperature 
dependence of conductivity is expected to have the form 
Sa(T) — —aT 1 / 3 + bT, where the latter is the regular 
contribution of the singlet channel Q. We expect the 
correction to the conductivity to go from metallic to in- 
sulating behavior below 4 K. This could explain the dip in 
the resistivity observed around 1 K in this compound 0] . 
Notice that the scale 1/(77-) can be increased by increas- 
ing disorder. 

Conclusions. — Using the spin-fcrmion model, we stud- 
ied the quantum interference correction to the conductiv- 
ity of a 2D disordered itinerant electron system close to a 
ferromagnetic QCP. Quantum critical fluctuations affect 
dramatically the temperature dependence of the conduc- 
tivity, which behaves as 5a oc — T 1 / 3 and 5a oc In 2 T in 
the ballistic and diffusive regimes respectively. Near the 
QCP the cross-over temperature between ballistic and 
diffusive dynamics is T* — 1/ 1 {t^(Eft) 2 ). We estimate 
that quantum intereference dominates the T-dependence 
of a for T < 1/r. 
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